The aim of this paper is to study asymptotical stability of Runge-Kutta methods for a class of linear impulsive differential equations with piecewise continuous arguments. New results about the asymptotical stability region of Runge-Kutta methods for these equations are obtained by the theory of the Padé approximation. Finally, some numerical examples are given to illustrate the theoretical results.
Introduction
In the past two decades, the theory of impulsive differential equations has been developed rapidly [-] . Such equations consist of differential equations with impulse effects and emerge in modeling of real-world problems observed in engineering, physics, biology, etc. In addition to these, the theory of numerical methods for impulsive differential equations has also been studied extensively [-] .
In , Cooke and Wiener studied differential equations without impulses and they noted that such equations were comprehensively related to impulsive and difference equations [] . Later, the case of discontinuous solutions of differential equations with piecewise continuous arguments was proposed as an open problem by Wiener [] . On the other hand, it is well known that many biological phenomena involving thresholds, bursting rhythm models in medicine and biology, and optimal control models in economics do exhibit impulsive effects [] . Recently, the existence and uniqueness, and oscillation of the exactly solutions of impulsive delay differential equations with piecewise constant arguments have been widely studied [-] . But to the best of our knowledge, up to now, there are few articles referring to numerical methods for impulsive delay differential equations with piecewise constant arguments.
In this paper, we study the asymptotical stability of Runge-Kutta methods for the following scalar equation:
x (t) = px(t) + qx ([t] ), t ≥ , t = k, k = , , . . . ,
, k = , , . . . , The paper is organized as follows. In Section , we obtain the existence, uniqueness, and asymptotical stability of the exact solutions of (.). In Section , we study the asymptotical stability of the Runge-Kutta methods for (.). In Section , two special cases of Section  are studied, respectively: impulsive differential equations without piecewise constant argument and differential equations with piecewise constant arguments. In Section , some numerical examples are given to confirm the theoretical results. it is said to be a solution of (.): () x(t) is continuous for t ∈ [, +∞) with the possible exception of the points
is right continuous and has left-hand limit at the points
) is differentiable and satisfies x (t) = px(t) + qx([t]) for any t ∈ R
+ with the possible exception of the points
Definition . The zero solution of (.) is said to be asymptotically stable, if
where x(t) is the solution of (.) for any initial data x  .
By [], p., Theorem , and [], p., Theorem , we immediately obtain the following theorem.
where {t} is the fractional part of t and
When p = , on t ∈ [, ∞), (.) also has a unique solution
Consequently, when p = , the zero solution of (. 
3 Runge-Kutta methods for (1.1)
Consider the Runge-Kutta methods for equation (.): 
Definition . The set of all pairs (p, q, r) at the process (.) for equation (.) which is asymptotically stable is called stability region denoted by S.
Theorem . When p = , the method (.) is asymptotically stable if and only if
( + r) R(z) m + q p R(z) m - < , where R(z) =  + zb T (I -zA) - e, e = (, , . . . , ) T
is a vector of v dimension. On the other hand, when p = , the consistent Runge-Kutta method (.) is asymptotically stable if and only if
Proof The Runge-Kutta method (.) can be written as
which implies that
which also implies that
Hence when p = , the method (.) is asymptotically stable if and only if
On the other hand, the Runge-Kutta method being consistent implies v i= b i = , which also implies
Consequently, when p = , the consistent Runge-Kutta method (.) is asymptotically stable if and only if 
Lemma . If the same Runge-Kutta method applied to the following test equation:
with error
It is the unique rational approximation to e z of order j + k, such that the degrees of numerator and denominator are j and k, respectively.
It is easy to prove the following lemma. Therefore, the proof is omitted.
The set S of all (p, q, r) at which the scheme (.) is asymptotically stable is called the asymptotical stability region, 
which implies H  ⊆ S. 
, by Lemma ., we obtain R(z) m ≤ e p , which implies R(z) ≥ e z . By Lemma ., we see that j is even.
Special cases
In this section, two special cases are studied: the first special case q = , where equation (.) is changed as linear impulsive ordinary differential equations; second special case r = , where equation (.) is changed as linear differential equations with piecewise continuous argument without impulsive perturbations.
Linear impulsive ordinary differential equations
In this subsection, the special case of (.) when q =  is studied. Equation (.) is changed as
where p, r, and x  . Theorem . is changed to the following result.
Theorem . On t ∈ [, ∞), (.) has a unique solution
Consequently, the zero solution of (.) is asymptotically stable if and only if
The asymptotical stability sets H  , H, H  , and H  are changed as follows, respectively:
H  = (p, r) : p =  and | + r| <  , 
Obviously, H  and H  are empty as q = , so it is not considered. We also consider the Runge-Kutta methods for (.):
, m ≥ , m is an integer, h is the stepsize. The set S  of all (p, r) at which the scheme (.) is asymptotically stable is called the asymptotical stability region,
From Theorem ., we immediately obtain the following results. 
Theorem . Assume the stability function for the Runge-Kutta method is R(z), the (j, k)-

Linear differential equations with piecewise continuous argument
In this subsection, the special case of (.) when r =  is studied. Equation (.) is changed as
where we introduced p, q, and x  .
Theorem . is changed to the following result.
Consequently, when p = , the zero solution of (.) is asymptotically stable if and only if
Obviously, when p = , the zero solution of (.) is asymptotically stable if and only if | + q| < .
The asymptotical stability sets H, H  , and H  are changed as follows, respectively:
Obviously, the sets H  and H  are empty when r = , so it is not considered. We also consider the Runge-Kutta methods for (.):
, m ≥ , m is an integer, h is the stepsize, v is referred to as the number of stages. The following set S  of all (p, q) at which the scheme (.) is asymptotically stable is called the asymptotical stability region,
From Theorem ., we immediately obtain the following results. Table  .)
The results obtained in this subsection are consistent with the results of Liu et al. in [] . 
Numerical experiments
First of all, we consider the following equation: , m being an integer.) We all know that the implicit Euler method for the test equation y (t) = λy(t), (λ) < , is asymptotically stable for arbitrary step size h > . But this does not hold for arbitrary step size h >  when the implicit Euler method is adopted for (.) (see Figure ) .
By Theorem . and Consider the following equation: We can see that the methods conserve their orders of convergence from Table  and  Table  .
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